Abstract. In 2007, T. Hosokawa and S. Ohno gave the sufficient and necessary conditions of the boundedness and compactness of differences of composition operators on the Bloch space. On this base, this paper will generalize these conditions of the boundedness and compactness of differences of composition operators on the Bloch type space.
Introduction
We also need the following induced distance
, we use the short-hand notation
When α = β = 1, D α,β ϕ becomes the Schwarz-Pick type derivative of ϕ.
The difference of composition operators on the Bloch space has been studied in [1] and [4] . In this paper, we study the problem on the α-Bloch spaces. One important application of differences of composition operators is to study the topological structure of the space of composition operators, which will be considered in another paper.
Boundedness of C ϕ −C ψ
In this section we give necessary and sufficient conditions for the differences of composition operators from B α to B β for 0 < α, β < ∞. 
Proof. When either ϕ or ψ is constant, by [2] we have the assertion, so we may assume that both ϕ and ψ are nonconstant.
(1) implies (2) is obvious.
(2) implies (3). For λ ∈ D with λ = 0, let
Then f λ , g λ ∈ B α 0 and
For w ∈ D with ϕ(w) = 0, we have
where
For w ∈ D with ψ(w) = 0, using (2.1), we have
(2.6) Combining this with (2.5), we have sup
7)
where D 2 = {w ∈ D : ψ(w) = 0}, so we obtain
(3) implies (4). We have
(4) implies (1). For f ∈ B α with f α ≤ 1, we have
where we use Lemma 2.1 in the last second inequality. The proof of Theorem 2.1 is finished.
Remark 2.1. Note that when α=β=1,
by the Schwarz-Pick lemma. Then Theorem 2.1 implies that C ϕ −C ψ is bounded on Bloch space B.
Compactness of C ϕ −C ψ
In this section, we consider the compactness of C ϕ −C ψ from B α (B α 0 ) to B β for 0 < α, β < ∞. We first state some known theorems on composition operators on B α which shall be used latter. By a similar proof of Proposition 3.11 in [3] we have the following result. For ϕ∈S(D), let Γ(ϕ) be the family of sequences in D such that |ϕ(z n )|→1. We denote
similarly we may define Γ(ψ) and D α,β (ψ). 
Proof. It's obvious that (1) imples (2). (2) implies (3). Since C ϕ : B α → B β is bounded and noncompact, by Lemmas 3.1 and
we may assume that ϕ(z n ) = 0 for every n. For λ ∈ D with λ = 0, define f λ , g λ as in the proof of Theorem 2.1. We know that f λ , g λ ∈ B α 0 and the sequences { f ϕ(z n ) } and { f ψ(z n ) } are bounded in B α and converge to 0 uniformly on every compact subset of D as n → ∞. From Lemma 3.3,
Multiplying ρ(ϕ(z n ),ψ(z n )) on (3.1), noting that (3.2), we get
we have {z n } ∈ Γ(ψ) and may assume that ψ(z n ) = 0 for every n.
Similar to (2.6), we have
Hence by (3.3), we get lim
and lim Combing this with(3.5)and(3.6),we get (3). (3) implies (1). This can be proved by a similar way to the proof of Theorem 3.2 in [4] . From (3.3) and the fact that |D α,β ϕ(z n )| 0. we obtain.
